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In high-quality two-dimensional electrons confined to GaAs quantum wells, near Landau level
filling factors ν = 1/2 and 1/4, we observe signatures of the commensurability of the electron-flux
composite fermion cyclotron orbits with a unidirectional periodic density modulation. Focusing on
the data near ν = 1/2, we directly and quantitatively probe the shape of the composite fermions’
cyclotron orbit, and therefore their Fermi contour, as a function of magnetic field (B||) applied
parallel to the sample plane. The composite fermion Fermi contour becomes severely distorted with
increasing B|| and appears to be elliptical, in sharp contrast to the electron Fermi contour which
splits as the system becomes bilayer-like at high B||. We present a simple, qualitative model to
interpret our findings.
In the presence of a strong perpendicular magnetic
field (B⊥) and at very low temperatures, high-quality
two-dimensional (2D) electron systems exhibit the frac-
tional quantum Hall effect (FQHE), described elegantly
by the concept of composite fermions (CFs) [1–3]. In this
formalism, CFs are quasi-particles formed by the attach-
ment of an even number of flux quanta to each electron
in high B⊥. At even-denominator Landau level filling
factors, e.g. at ν = 1/2 or 1/4, the flux attachment com-
pletely cancels the external field, leaving the CFs as if
they are at zero effective magnetic field. Analogous to
electrons at low fields, the CFs near these fillings occupy
a Fermi sea with a well-defined Fermi contour [1–7].
The problem of anisotropy in FQHE phenomena has
sparked recent interest both experimentally and theo-
retically [8–16]. In particular, the existence of a CF
Fermi contour raises the question whether this contour is
anisotropic if the low-field particles have an anisotropic
Fermi contour [8, 9]. This issue was addressed very re-
cently for hole-flux CFs [17]. It was established that a
parallel magnetic field B|| which induces anisotropy in
the hole Fermi contour also makes the CF Fermi contour
anisotropic, although the observed anisotropy is much
smaller for the CFs. The reason for the Fermi contour
anisotropy in both the hole and hole-flux CFs cases is
the finite (non-zero) thickness of the quasi-2D system
and the coupling of the carriers’ out-of-plane motion to
B||. While the Fermi contour anisotropy for the quasi-2D
holes is semi-quantitatively understood from energy band
calculations [18], there are no theoretical predictions for
the anisotropy expected for hole-flux CFs. Calculations
for such anisotropy would be particularly challenging be-
cause of the complex structure of 2D hole Landau levels,
especially in tilted magnetic fields [19].
Here we report direct and quantitative measurements
of CF Fermi contour anisotropy induced by B|| in 2D
electron systems confined to GaAs quantum wells (QWs)
with widths ranging from 30 to 50 nm. For a given QW
width, the Fermi contour anisotropy and shape for the
CFs is drastically different from their electron counter-
parts. We also demonstrate that the degree of anisotropy
critically depends on the QW width which determines the
thickness of the electron layer. Our quantitative data,
together with the much simpler band structure of GaAs
electrons should stimulate efforts to theoretically explain
the B||-induced CF Fermi contour anisotropy.
We studied 2D electrons confined to symmetric GaAs
QWs grown via molecular beam epitaxy on (001) GaAs
substrates. We measured three samples with QW widths
of 30, 40, and 50 nm, located 190 nm under the sur-
face, and flanked on each side by 95-nm-thick, undoped
Al0.24Ga0.76As barrier layers and Si δ-doped layers. The
2D electron densities n in our samples are ' 1.8 × 1011
cm−2, and the mobilities are ' 107 cm2/Vs. We did
experiments in two 3He refrigerators with base tempera-
tures of T ' 0.3 K and with an 18 T superconducting or
a 31 T resistive magnet.
Our technique for measuring the CF Fermi contour
anisotropy is illustrated in Fig. 1(a) inset. Each sample
has two Hall bars, oriented along the [110] and [110] di-
rections. The Hall bars are covered with periodic gratings
of negative electron-beam resist with a period a = 200
nm. The stripes impart a periodic strain to the sample
surface which, through the piezoelectric effect in GaAs,
induces a periodic density modulation [20–26]. In the
presence of an applied B⊥, whenever the diameter of the
charged carriers’ cyclotron orbit becomes commensurate
with the period of the density modulation, the sample’s
resistance exhibits a minimum. The anisotropy of the cy-
clotron orbit can therefore be simply determined via mea-
suring the positions of the commensurability magneto-
resistance minima along the two perpendicular arms of
the L-shaped Hall. Since the reciprocal-space (k-space)
orbits are expected to be a scaled version of the real-
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FIG. 1. (color online) Inset: an L-shaped Hall bar with
periodic superlattices of negative electron-beam resist. (a)
Magneto-resistance trace from the [110] Hall bar of the 40-
nm-wide QW sample with n = 1.78 × 1011 cm−2. (b), (c)
Prominent commensurability resistance minima are seen near
ν = 1/2 and 1/4. The positions of the resistance minima
expected for fully spin-polarized CFs with a circular Fermi
contour are marked with indexed vertical lines (see text).
space trajectories, rotated by 90◦ [27], our commensura-
bility measurements then directly probe the Fermi con-
tour shape. In our experiments, we tilted the sample
around the [110] direction so that B|| was always along
[110], with θ denoting the angle between the field direc-
tion and the normal to the 2D plane (Fig. 1(a) inset).
Note that, in quasi-2D systems where the carriers have
a finite layer thickness, the application of B|| shrinks the
real-space cyclotron orbit diameter in the in-plane direc-
tion perpendicular to B||; the Fermi contour then should
shrink in the direction of B||.
In Fig. 1 we show the magneto-resistance trace at
θ = 0◦ (B|| = 0) along the [110] Hall bar of the 40-
nm-wide QW sample. It exhibits prominent commensu-
rability features near ν = 1/2 and 1/4, including a char-
acteristic, V-shaped, resistance dip at ν = 1/2, followed
by several resistance minima on each side of ν = 1/2
(marked by i = 1, 2, 3 in Fig. 1(b)) and flanked by regions
of rapidly rising resistance. The positions of the resis-
tance minima follow closely those expected from the mag-
netic commensurability condition for spin-polarized CFs
with circular Fermi contour, namely 2R∗C/a = i + 1/4,
where i = 1, 2, 3, ...; 2R∗C = 2~k∗F /eB∗⊥ is the CF cy-
clotron orbit diameter, k∗F =
√
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FIG. 2. (color online) Evolution of the magneto-resistance
near ν = 1/2 for the 40-nm-wide QW sample measured along
the [110] and [110] Hall bars. The tilt angle θ is given for
each trace, and the traces are shifted vertically for clarity.
The vertical green dashed lines mark the expected positions
of the primary commensurability resistance minima if the CF
cyclotron orbit were circular. In both panels, the scale for the
applied external field B⊥ is shown on top while the bottom
scale is the effective magnetic field B∗⊥ felt by the CFs.
the CFs near ν = 1/2 [28]. This is consistent with previ-
ous reports of commensurability features for electron-flux
CFs near ν = 1/2 [29–35], except that here we see the
additional i = 2 and 3 minima, attesting to the very high
quality of the sample and the periodic potential. In the
present study, we monitor the shift in the positions of the
ν = 1/2 primary CF commensurability minima (i = 1)
as a function of applied B|| to directly probe the size and
shape of the CF Fermi contour. Note that commensu-
rability resistance minima are also seen near ν = 1/4 at
very high fields (Fig. 1(c)); this is the first direct obser-
vation of ballistic transport and geometric resonance for
four-flux CFs. The positions of the resistance minima
match the expected values based on a magnetic, spin-
polarized commensurability condition equivalent to the
one near ν = 1/2. We also observe commensurability
features near ν = 3/2, and their positions are consistent
with spin-unpolarized ν = 3/2 CFs [36].
As illustrated in Fig. 2, the application of B|| pro-
foundly affects the positions of the commensurability re-
3sistance minima near ν = 1/2. Data for the two Hall
bars along the [110] and [110] directions are shown in
Figs. 2(a) and (b). In both panels, the vertical green
dashed lines mark the expected positions of the CF i = 1
resistance minima based on magnetic condition for spin-
polarized CFs with circular Fermi contours. These lines
match very well the observed positions of the resistance
minima for the bottom traces of Fig. 2, which were taken
at θ = 0 (B|| = 0). With increasing θ and B||, for the
[110] Hall bar (Fig. 2(a)), the positions of the two resis-
tance minima shift away from the dashed lines to higher
values of |B∗⊥|. In contrast, the resistance minima for the
Hall bar in the perpendicular, [110] direction (Fig. 2(b))
move towards lower |B∗⊥|, and the shift is smaller.
We use the positions of the resistance minima along the
[110] and [110] directions to directly extract the magni-
tude of the CF Fermi wave vectors along [110] and [110],
respectively [37]. From the commensurability condition
near ν = 1/2 with i = 1, k∗F = (5/8)(eaB
∗
⊥/~). Here
B∗⊥ indicates the effective CF magnetic field at which
the resistance minimum is observed. Using this relation,
we converted the B∗⊥ positions of the resistivity minima
seen in Fig. 2 to the size of the CF k∗F along the [110]
and [110] directions. The results, normalized to k∗F0, the
value of k∗F at B|| = 0, are summarized in Fig. 3(a) for
B∗⊥ > 0; the data B
∗
⊥ < 0 are similar. Clearly, with
increasing B||, the CF Fermi wave vector along [110] in-
creases while along [110] it decreases. The data indicate
a severe B||-induced anisotropy of the CF Fermi contour,
up to a factor of ' 2 at B ' 25 T for the 40-nm-wide
QW.
To probe the role of the layer thickness on the
anisotropy of the CF Fermi contour, we performed simi-
lar measurements on the 30- and 50-nm-wide QWs. The
results, also summarized in Fig. 3(a), reveal that the
wider the QW, the larger the anisotropy. This is best
seen in Fig. 3(b) which shows the ratio of the measured
k∗F along [110] and [110] for each QW. This ratio is '
1.6 at B|| = 15 T for the 50-nm-wide QW, indicating a
severe distortion as a result of B||. In contrast, the ratio
at B|| = 15 T is ' 1.3 for the 40-nm-wide QW, and only
' 1.1 for the 30-nm-QW.
Next we discuss the shape of the CF Fermi contour.
Since in our experiments we measure k∗F only along two
specific, perpendicular directions, we cannot rule out a
complicated shape. However, our data are consistent
with nearly elliptical CF Fermi contours. As seen in
Fig. 3(b) inset, the geometric mean of the two k∗F ’s we
measure along [110] and [110], divided by k∗F0, the wave
vector expected for a circular CF Fermi contour whose
enclosed area is equal to the density of CFs, is close to
unity (to better than 7 %) in our entire range of B||. This
implies that the areas enclosed by elliptical contours with
major and minor k∗F ’s equal to those we measure indeed
enclose the area needed to account for the CFs.
The data presented here provide direct and quan-
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FIG. 3. (color online) (a) Measured values of the CF Fermi
wave vectors k∗F along the [110] and [110] directions, normal-
ized to k∗F0 (see text). Data shown with open circles (blue),
filled squares (red), and open squares (black) are from the
30-, 40-, and 50-nm-wide QWs, respectively. (b) Solid lines:
Relative anisotropy of the CF Fermi contours in each QW
deduced from dividing the (interpolated) measured values of
k∗F along [110] by those along [110]. Dashed lines: theoretical
estimate of the anisotropy using Eq. (1) (see text). Inset:
geometric mean of the measured values of k∗F along the two
directions normalized to k∗F0 for each QW.
titative evidence that the CF Fermi contours become
anisotropic with the application of B||. The strong de-
pendence of the distortion on B|| and on the QW width
implies that the origin of this anisotropy is the coupling
between B|| and the out-of-plane motion of the CFs.
Such coupling is known to severely distort the Fermi con-
tour of low-field carriers [20, 38]. Indeed we have ex-
perimentally measured the Fermi contours for low-field
carriers as a function of B|| and the data, which are over-
all in good agreement with the calculations, show severe
Fermi contour distortions. Figure 4 provides compar-
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FIG. 4. (color online) (a)-(c) Calculated electron Fermi con-
tours for a 40-nm-wide GaAs QW with density n = 1.7×1011
cm−2 at B|| = 0, 10, 25 T. The solid and dotted contours
correspond to the majority- and minority-spin electrons, re-
spectively. (d)-(f) Evolution of the distortion of the CF Fermi
contour with B|| measured in the 40-nm-wide QW.
isons between the Fermi contours for the electrons (Figs.
4(a-c)) in the 40-nm-wide QW sample at B|| = 0, 10,
and 25 T, calculated self-consistently based on the 8 × 8
Kane Hamiltonian [19, 38], and the CF Fermi contours at
the corresponding B||, deduced from our measurements
(Figs. 4 (d-f)). For both electrons and CFs, the Fermi
contours become significantly distorted with increasing
B||, but the distortion is much more severe for the elec-
trons. At sufficiently large B||(> 12 T), the electrons in
fact split into a bilayer-like system with a disconnected
contour. Remarkably, however, the CF Fermi contour
remains connected up to the highest B|| = 25 T [39].
We emphasize that, to date, there are no theoretical
calculations which treat the anisotropy of CF Fermi con-
tours in the presence of B|| [40]. Balagurov and Lozovik
[8] do not consider the role of B|| but rather assume a
general 2D system with an anisotropic zero-field Fermi
contour. They predict that the CF Fermi contour shape
should be identical to that of the zero-field particles; this
is in apparent contradiction to our data. Furthermore,
besides its thickness, other parameters of the quasi-2D
carrier system, such as the details of the band struc-
ture and effective mass as well as the character of the
Landau level (LL) where the CFs are formed, also play
important roles in determining the anisotropy of the CF
Fermi contour in a strong B||. For example, hole-flux
CFs in a 17.5-nm-wide GaAs QW [22] exhibit a Fermi
contour anisotropy of ' 1.2 at B|| = 15 T. This is com-
parable to the anisotropy we observe for electron-flux
CFs in the much wider 30- and 40-nm-wide QW sam-
ples (Fig. 3(b)), indicating that layer thickness is not the
only parameter that determines the CF Fermi contour
anisotropy. We add that the LLs for GaAs 2D holes are
particularly complex because of their non-linear depen-
dence on B⊥ [19] and unexpected crossings in tilted mag-
netic fields [41, 42]. In contrast, 2D electrons in GaAs
QWs have a much simpler set of energy band param-
eters and LL structure. Our experimental data should
therefore provide incentive for future theoretical calcula-
tions aimed at understanding the B||-induced CF Fermi
contour anisotropy.
In closing we present a simple, qualitative model to
provide an estimate for the expected CF Fermi contour
anisotropy. Assuming an effective mass mz for the out-
of-plane, quantum-confined motion and a parabolic dis-
persion with an effective mass m‖ for the in-plane mo-
tion, we can approximately calculate the effect of an in-
plane magnetic field Bx on the in-plane motion. For fully
spin-polarized electrons confined to a rectangular QW of
width w we find in lowest-order perturbation theory [43]
an elliptic Fermi contour with minor and major radii
kx,y =
√
n
pi
(
1− 2
10
35pi6
e2B2x
~2
w4mz
m‖
)±1/4
. (1)
Here we may expect that the many-particle physics of
CFs characterizes the in-plane dynamics of the quasi par-
ticles in our experiments. Thus m|| should be approxi-
mately the effective mass of CFs that contains electron-
electron interactions and has been studied previously
[1, 44, 45], namely mCF|| ' 1 (in units of the free-electron
mass, me). The perpendicular motion of the quasi-
particles, on the other hand, should reflect the band dy-
namics which is characterized by the band mass of elec-
trons in GaAs, mz = 0.067 [19]. Different cartesian com-
ponents of the motion of these quasi-particles thus reflect
very different physics. These components get coupled
by B||. The predictions of this model for the deforma-
tion of the Fermi contour in our samples are shown in
Fig. 3(b) with dashed lines. The magnitude of the pre-
dicted anisotropy is comparable to the anisotropy seen
in the experiment at low values of B||, where we expect
the model to be valid [46]. A quantitative explanation
of the data, however, requires theoretical calculations of
the CF Fermi contours in the presence of B||.
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